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❖ Finding stable (repeatable) interest points is a key 
problem in modern computer vision

❖ Applications in areas such as tracking, matching, 
image alignment, making robust features for 
classification and search, robot navigation, 3d 
reconstruction, …

❖ We’ll look at some of these in more detail in future 
lectures



What makes a good interest point?

❖ Invariance to brightness 
change (local changes as well 
as global ones)

❖ Sufficient texture variation in 
the local neighbourhood
❖ But not too much!

❖ Invariance to changes between 
the angle/position of the scene 
to the camera



Demo: Stable local interest points



So, how do we find them?

❖ Lots of different types of interest point 
types to choose from.
❖ We’ll focus on two specific types and 

look in detail at common detection 
algorithms:
❖ Corner detection - Harris and Stephens

❖ Blob Detection - Difference-of-Gaussian 
Extrema
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The Harris and Stephens corner detector



Basic Idea

❖ Search for corners by looking through a small window.

❖ Shifting that window by a small amount in any direction 
should give a large change in intensity

The)Basic)Idea)
•  We)should)easily)recognize)the)point)by)looking)
through)a)small)window)

•  ShiTing)a)window)in)any)direc.on)should)give)a0
large0change)in)intensity)



Harris)Detector:)Basic)Idea)

“flat” region: 
no change in 
all directions 

“edge”: 
no change along 
the edge direction 

“corner”: 
significant change 
in all directions 

“flat” region: no 
change in all 

directions

“edge”: 
no change along 

the edge direction

“corner”: 
significant change 

in all directions



Harris & Stephens: Mathematics
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COMP3005/Computer0Vision0

Local&interest&points!

Summary'
The' detection' of' local' interest' points' that' are' stable' under' varying' imaging' conditions' has' a' huge'
number'of'applications' in' computer'vision' (we’ll' see' these' in' future' lectures).'Research' in' this'area'
goes'back'as'far'as'the'1960s'and'70s.'The'Harris'and'Stephens'corner'detection'technique'developed'
in'1988'is'a'classic'example'of'a'detection'technique'with'impressive'robustness.'A'related'problem'to'
the' detection' of' interest' points' is' the' problem' of' scale' (the' size' at' which' an' object' appears' in' an'
image).' Scale' space' theory' allows' interest' point' techniques' to' be' developed' that' are' invariant' to'
changes'in'scale'(i.e.'the'object'moving'further'away).'The'DifferenceXofXGaussian'blob'detector'is'an'
example'of'such'a'scaleXspace'blob'detection'technique.'

Key'points'

Finding'stable'points:'repeatability'and'robustness'
• Finding'stable'interest'points'is'a'key'problem'in'computer'vision,'with'many'applications'

(more'on'this'in'the'next'few'lectures!).'
• What'makes'a'good'local'interest'point?'

o Invariance'to'brightness'changes'
o Sufficient'texture'variation'in'the'local'neighbourhood'
o Not'too'much'texture'variation'in'the'local'neighbourhood'
o Invariance'to'changes'in'relative'angle'between'camera'and'object'

• There'are'a'number'of'types'of'stable'points'we'can'find,'but'we’ll'just'focus'on'two:'Corners'
and'Blobs.'

The'Harris'Corner'Detector'
• The'Harris'&'Stephens'corner'detector'is'considered'to'be'one'of'the'classic&algorithms'in'

computer'vision.'
o Developed'just'up'the'road'at'Roke'Manor'in'Romsey!'

• Simple'idea:''
o Consider'the'brightness'of'a'small'patch'of'the'image'(i.e.'the'sum'of'pixel'values)'
o Now'consider'slightly'shifting'that'patch'in'all'directions'

! if'the'brightness'remains'the'same,'then'the'original'patch'is'not'a'stable'point'
! if'the'brightness'changes'by'a'large'amount'in'all'directions,'then'the'original'

patch'is'stable.'
o Mathematically'this'concept'of'comparing'a'window'to'a'shifted'window'is'called'

autocorrelation'(compare'this'to'template&matching&by&correlation'where'you'have'two'
different'images).'Given'a'point'(x,&y)'and'shift'(!x,&!y)'it'can'be'written'as:'

! !, ! = ! !! , !! [! !! , !! − ! !! + !", !! + !" ]!
!

'

where'I(•,•)'denotes'the'image'and'xi'and'yi'are'all'the'points'in'the'window'W'centred'
at'(x,&y).'f(•,•)'is'called'the'window'function,'and''it'just'allows'the'respective'weights'of'
pixels'to'be'changed'depending'on'distance'from'the'centre'point'(x,&y).'For'purposes'
of'discussion'we’ll'assume'that'f(•,•)'is'always'1'and'drop'it'from'further'working,'
however'in'practice'we'use'a'Gaussian'response'function'to'weight'pixels'nearer'the'
centre'higher.'

6!

Weighted average change in intensity between a window 
and a shifted version [by (𝚫x,𝚫y)] of that window:

intensity 
in window

intensity in 
shifted window

weighting 
function

Harris)Detector:)MathemaFcs)

[ ]2
,

( , ) ( , ) ( , ) ( , )
x y

E u v w x y I x u y v I x y= + + −∑

Window-averaged change of intensity for the shift [u,v]: 

Intensity Shifted 
intensity 

Window 
function 

or Window function w(x,y) = 

Gaussian 1 in window, 0 outside 

Harris)Detector:)MathemaFcs)

[ ]2
,

( , ) ( , ) ( , ) ( , )
x y

E u v w x y I x u y v I x y= + + −∑

Window-averaged change of intensity for the shift [u,v]: 

Intensity Shifted 
intensity 

Window 
function 

or Window function w(x,y) = 

Gaussian 1 in window, 0 outside flat Gaussian



Harris & Stephens: Mathematics

❖ The Taylor expansion allows us to approximate the 
shifted intensity.

❖ Taking the first order terms we get this:
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o The'term'corresponding'to'the'shifted'window'in'the'above'difference'equation'can'be'
approximated'using'the'first'order'terms'of'a'Taylor'expansion:'

! !! + !", !! + !" ≈ ! !! , !! + !!(!! , !!) !!(!! , !!) !"
!" '

where'Ix(•,•)&and&Iy(•,•)'denote'the'partial'derivatives'in'x'and'y,'respectively.'
o Substituting'this'expansion'in'the'difference'equation'and'simplifying'leads'to'the'

following:'

! !, ! = [! !! , !! − ! !! + !!, !! + !" ]!
!

!

= ! !! , !! − ! !! , !! − !! !! , !! !! !! , !! !"
!"

!

!
!

= − !! !! , !! !! !! , !! !"
!"

!

!
!

= !! !! , !! !! !! , !! !"
!"

!

!
!

= !" !"
!! !! , !!

!
!

!! !! , !! !! !! , !!
!

!! !! , !! !! !! , !!
!

!! !! , !!
!

!

!"
!" !

= !" !" ! !"
!" '

! The'square'symmetric'matrix'M'concisely'describes'the'shape'of'the'local'
weighted'difference'function.'

! It’s'basically'encoding'the'image'derivatives'in'the'x,'y'and'xy'directions.'It’s'
actually'the'second'moment'matrix,'more'commonly'referred'to'as'the'
structure&tensor.'

o As'with'the'covariance'matrices'we'explored'in'Lecture'3,'the'eigenvectors'and'
eigenvalues'of'this'matrix'tell'us'explicitly'about'the'principle'directions'and'principle'
rates'of'change.'

! We'actually'only'need'to'consider'the'eigenvalues'λ1'and'λ2:'
• If'λ1'and'λ2'are'both'small,'there'is'little'change'in'E(x,&y)'in'any'

direction,'and'the'windowed'region'must'have'approximately'constant'
intensity.'

• If'one'eigenvalue'is'high,'and'the'other'is'low,'then'the'window'must'be'
on'an'edge'in'the'image'(moving'the'window'along'the'edge,'in'the'
direction'of'the'eigenvector'corresponding'to'the'smallest'eigenvalue'
would'have'little'effect,'but'moving'orthogonal'to'that'direction'would'
have'large'effect).'

• If'both'eigenvalues'are'large,'then'a'shift'in'any'direction'would'give'a'
large'change'in'E(x,'y).'This'would'indicate'a'corner.'

! Graphically'this'is'shown'by'the'following'diagram:'

'

(partial derivatives of the image)



Harris & Stephens: Mathematics
❖ Substituting and simplifying gives:
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o The'term'corresponding'to'the'shifted'window'in'the'above'difference'equation'can'be'
approximated'using'the'first'order'terms'of'a'Taylor'expansion:'

! !! + !", !! + !" ≈ ! !! , !! + !!(!! , !!) !!(!! , !!) !"
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where'Ix(•,•)&and&Iy(•,•)'denote'the'partial'derivatives'in'x'and'y,'respectively.'
o Substituting'this'expansion'in'the'difference'equation'and'simplifying'leads'to'the'

following:'

! !, ! = [! !! , !! − ! !! + !!, !! + !" ]!
!

!
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! The'square'symmetric'matrix'M'concisely'describes'the'shape'of'the'local'
weighted'difference'function.'

! It’s'basically'encoding'the'image'derivatives'in'the'x,'y'and'xy'directions.'It’s'
actually'the'second'moment'matrix,'more'commonly'referred'to'as'the'
structure&tensor.'

o As'with'the'covariance'matrices'we'explored'in'Lecture'3,'the'eigenvectors'and'
eigenvalues'of'this'matrix'tell'us'explicitly'about'the'principle'directions'and'principle'
rates'of'change.'

! We'actually'only'need'to'consider'the'eigenvalues'λ1'and'λ2:'
• If'λ1'and'λ2'are'both'small,'there'is'little'change'in'E(x,&y)'in'any'

direction,'and'the'windowed'region'must'have'approximately'constant'
intensity.'

• If'one'eigenvalue'is'high,'and'the'other'is'low,'then'the'window'must'be'
on'an'edge'in'the'image'(moving'the'window'along'the'edge,'in'the'
direction'of'the'eigenvector'corresponding'to'the'smallest'eigenvalue'
would'have'little'effect,'but'moving'orthogonal'to'that'direction'would'
have'large'effect).'

• If'both'eigenvalues'are'large,'then'a'shift'in'any'direction'would'give'a'
large'change'in'E(x,'y).'This'would'indicate'a'corner.'

! Graphically'this'is'shown'by'the'following'diagram:'

'



Structure Tensor

The square symmetric matrix M is called the Structure 
Tensor or the Second Moment matrix 
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where'Ix(•,•)&and&Iy(•,•)'denote'the'partial'derivatives'in'x'and'y,'respectively.'
o Substituting'this'expansion'in'the'difference'equation'and'simplifying'leads'to'the'

following:'
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! The'square'symmetric'matrix'M'concisely'describes'the'shape'of'the'local'
weighted'difference'function.'

! It’s'basically'encoding'the'image'derivatives'in'the'x,'y'and'xy'directions.'It’s'
actually'the'second'moment'matrix,'more'commonly'referred'to'as'the'
structure&tensor.'

o As'with'the'covariance'matrices'we'explored'in'Lecture'3,'the'eigenvectors'and'
eigenvalues'of'this'matrix'tell'us'explicitly'about'the'principle'directions'and'principle'
rates'of'change.'

! We'actually'only'need'to'consider'the'eigenvalues'λ1'and'λ2:'
• If'λ1'and'λ2'are'both'small,'there'is'little'change'in'E(x,&y)'in'any'

direction,'and'the'windowed'region'must'have'approximately'constant'
intensity.'

• If'one'eigenvalue'is'high,'and'the'other'is'low,'then'the'window'must'be'
on'an'edge'in'the'image'(moving'the'window'along'the'edge,'in'the'
direction'of'the'eigenvector'corresponding'to'the'smallest'eigenvalue'
would'have'little'effect,'but'moving'orthogonal'to'that'direction'would'
have'large'effect).'

• If'both'eigenvalues'are'large,'then'a'shift'in'any'direction'would'give'a'
large'change'in'E(x,'y).'This'would'indicate'a'corner.'

! Graphically'this'is'shown'by'the'following'diagram:'

'

M=

It concisely encodes the how the local shape intensity 
function of the window changes with small shifts



Eigenvalues of the Structure Tensor

❖ Think back to Lecture 3 where we looked at covariance 
matrices…

❖ As with the 2d covariance matrix, the structure tensor 
describes an ellipse: xTMx=c (this is a quadratic form)

❖ The eigenvalues and vectors tell us the rates of 
change and their respective directions



Demo: Structure Tensor eigenvalues



λ1

λ2

Corner: 
Both λ1 and λ2 

are large

Edge: 
λ2 >> λ1

Edge: 
λ1 >> λ2

Flat: λ1 and 
λ2 small



Harris & Stephens Response Function

❖ Rather than compute the eigenvalues directly, Harris 
and Stephens defined a corner response function in 
terms of the determinant and trace of M:
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o Rather'than'using'the'absolute'values'of'the'eigenvalues'directly,'Harris'and'Stephens'
came'up'with'a'scheme'that'avoids'explicitly'computing'the'Eigendecomposition'by'
formulating'a'corner'response'function'(R(x,'y)in'terms'of'the'determinant'and'trace'of'
M:'

det ! = !!!!!! −!!"!!" = !!!!!! −!!"
! = !!!!!

trace ! = !!! +!!! = !! + !!!
! = det ! − !!trace ! !'

where'k&is'an'empirically'set'small'constant'(usually'0.04…0.06).'
o Interestingly'this'response'function'defines'exactly'the'same'space'corner/edge/flat'

that'we'saw'above,'as'shown'in'the'following'diagram:'

'
o Finally'to'actually'find'corners,'you'compute'the'corner'response'function'R'for'each'

pixel,'and'keep'only'those'over'a'predetermined'threshold.'You'then'filter'out'points'
that'are'not'local'maxima'of'R'within'a'small'window'(usually'just'the'8'neighbouring'
pixels).'

! Note:'in'terms'of'implementation,'you'don't'compute'the'partial'derivatives'for'
each'window'separately,'but'rather'compute'the'derivatives'on'the'whole'
image'first'(e.g.'by'convolving'with'Sobel,'or'performing'finite'differences).'You'
can'then'use'convolution'across'the'gradient'images'to'efficiently'compute'the'
weighted'summed'window'response.'After'doing'this,'computation'of'the'
structure'tensor'at'a'given'position'is'trivial!'

Scale'in'computer'vision'
• In'some'of'the'demos'from'previous'lectures,'we’ve'seen'the'effect'of'scale.'Put'simply,'if'an'

object'moves'closer'to'the'camera'it'appears'larger,'and'in'more'detail.'As'it'moves'further'
away'it'gets'smaller'and'has'less'detail.''

o For'algorithms'that'use'a'fixed'size'window'(i.e.'Harris'and'Stephens,'or'local'
thresholding),'this'can'pose'bit'of'a'problem'if'the'object'is'likely'to'appear'at'different'
distances.'

o Scale'space'theory'is'a'formal'framework'for'handling'images'at'different'scales'by'
representing'an'image'as'a'family'of'smoothed'images'parameterized'by'the'size'of'the'
smoothing'kernel'used'for'suppressing'fine'detail.'

! The'single'parameter't'of'this'family'is'referred'to'as'the'scale&parameter,'with'
the'interpretation'that'image'structures'of'spatial'size'smaller'than'about'
!!have'largely'been'smoothed'away'in'the'scaleXspace'level'at'scale't.'

o A'Gaussian'scale'space'is'the'main'type'of'scale'space'you’ll'encounter.'
Unsurprisingly'the'smoothing'function'is'the'Gaussian'kernel.'

! The'details'of'why'this'is'the'case'are'not'important'for'this'course,'but'
needless'to'say'it'is'provable'that'the'Gaussian'scale'space'has'the'desired'
properties'(the'“scale'space'axioms”)'for'image'representation.'

' '

k is a small empirically set 
constant (usually 0.04 -  0.06)



λ1

λ2

Corner: 
R>0

Edge: 
R<0

Edge: 
R<0

Flat:
|R| small



Demo: Harris & Stephens Response



Harris & Stephens Detector

❖ Simple algorithm:

❖ Take all points with the response value above a 
threshold

❖ Keep only the points that are local maxima (i.e. where 
the current response is bigger than the 8 
neighbouring pixels)



Demo: Thresholded Harris & 
Stephens Response



Demo: Thresholded Harris & 
Stephens Points



Scale in Computer Vision



The problem of scale

❖ As an object moves closer to the camera it get larger 
with more detail… as it moves further away it gets 
smaller and loses detail…

❖ If you’re using a technique that uses a fixed size 
processing window (e.g. Harris corners, or indeed 
anything that involves a fixed kernel) then this is a bit of 
a problem!



Scale space theory
❖ Scale space theory is a formal framework for handling 

the scale problem.

❖ Represents the image by a series of increasingly 
smoothed/blurred images parameterised by a scale 
parameter t.

❖ t represents the amount of smoothing.

❖ Key notion: Image structures smaller than sqrt(t) 
have been smoothed away at scale t.



The Gaussian Scale Space

❖ Many possible types of scale space are possible 
(depending on the smoothing function), but only the 
Gaussian function has the desired properties for image 
representation.

❖ These provable properties are called the “scale space 
axioms”.



Gaussian Scale Space
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! Formally'the'Gaussian'scale'space'of'an'image'f(x,'y)'is'the'family'of'derived'
signals'L(x,'y;'t)'defined'by'the'convolution'of'the'image'with'the'2d'Gaussian'
kernel:'

! !, !; ! = 1
2!" !

! !!!!! /!!! '

such'that'
! ∙,∙; ! = ! ∙,∙; ! ∗ ! ∙,∙ ,'

where'the'semicolon'in'the'argument'of'L'implies'that'the'convolution'is'
performed'only'over'the'variables'x,'y,'while'the'scale'parameter't'after'the'
semicolon'is'just'indicating'the'scale'level.'

• This'definition'is'valid'for'all'! ≥ 0,'however'in'practice'only'a'finite'set'
of'discrete'levels'of't'is'usually'considered.'

o Common'to'use'integer'powers'of'2'or'√2.'
• Also'note'L(x,'y,'0)'='f(x,'y)'

! If'you'double'the'scale'then'you'effectively'
halve'the'resolution,'so'without'loss'of'
information'you'can'subsample'the'image'by'a'
factor'of'2'in'each'direction'(this'is'a'direct'
result'of'NyquistXShannon'sampling'theorem).'

• This'leads'to'a'“Gaussian&Pyramid”'
representation,'which'has'
computational'advantages,'as'images'
with'higher'scales'are'smaller'and'thus'
faster'to'process'and'use'less'memory. '

Multiscale'Harris'and'Stephens'
• Extending'the'Harris'and'Stephens'detector'to'work'across'scales'is'easy…'

o We'define'a'Gaussian'scale'space'with'a'fixed'set'of'scales'and'compute'the'corner'
response'function'at'every'pixel'of'each'scale'and'keep'only'those'with'a'response'
above'a'certain'threshold.''

Local'extrema'in'the'differenceAofAGaussian'scale'space'
• Recap:'Laplacian'of'Gaussian'(LoG)'is'the'2nd'differential'of'a'Gaussian'convolved'with'an'

image'(the'kernel'is'shaped'like'a'Mexican&hat).'
o By'finding'zeroXcrossings'of'this'function'you'get'an'edge'detector'(MarrXHildreth).'

• By'finding'local'maxima'or'minima'you'get'a'blob'detector!'
o The'scale'normalised'Laplacian'operator'applies'this'idea'to'a'Gaussian'scale'space:'

!!"#$! ! !, !; ! = !(!!! + !!!)'
o Local'extrema'(minima'or'maxima)'of'this'function'in'

both'scale'and'space'(i.e.'8'neighbours'at'scale't,'and'
the'9'neighbours'at'the'scales'above'and'below)'
indicate'blobs'of'size'~ 2!.'

o Very'useful'property:'if'a'blob'is'detected'at'(x0,'y0;'t0)'
in'an'image,'then'under'a'scaling'of'that'image'by'a'
factor's,'the'same'blob'would'be'detected'at'(sx0,'sy0;'
s2t0)'in'the'scaled'image.'

• In'practice'(for'computational'efficiency,'and'coding'
simplicity),'instead'of'using'the'LoG'function,'a'simple'approximation'is'made'using'the'
Difference'of'Gaussians'(DoG):'

!!"#$! ! !, !; ! ≈ !
!" (! !, !; ! + !" − ! !, !; ! − !" )'

o This'basically'means'you'just'need'to'build'a'Gaussian'scale'space,'and'then'subtract'
adjacent'scales'to'produce'a'DoG'scale'space'in'which'you'search'for'extrema.''
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! Formally'the'Gaussian'scale'space'of'an'image'f(x,'y)'is'the'family'of'derived'
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! If'you'double'the'scale'then'you'effectively'
halve'the'resolution,'so'without'loss'of'
information'you'can'subsample'the'image'by'a'
factor'of'2'in'each'direction'(this'is'a'direct'
result'of'NyquistXShannon'sampling'theorem).'

• This'leads'to'a'“Gaussian&Pyramid”'
representation,'which'has'
computational'advantages,'as'images'
with'higher'scales'are'smaller'and'thus'
faster'to'process'and'use'less'memory. '

Multiscale'Harris'and'Stephens'
• Extending'the'Harris'and'Stephens'detector'to'work'across'scales'is'easy…'

o We'define'a'Gaussian'scale'space'with'a'fixed'set'of'scales'and'compute'the'corner'
response'function'at'every'pixel'of'each'scale'and'keep'only'those'with'a'response'
above'a'certain'threshold.''

Local'extrema'in'the'differenceAofAGaussian'scale'space'
• Recap:'Laplacian'of'Gaussian'(LoG)'is'the'2nd'differential'of'a'Gaussian'convolved'with'an'

image'(the'kernel'is'shaped'like'a'Mexican&hat).'
o By'finding'zeroXcrossings'of'this'function'you'get'an'edge'detector'(MarrXHildreth).'

• By'finding'local'maxima'or'minima'you'get'a'blob'detector!'
o The'scale'normalised'Laplacian'operator'applies'this'idea'to'a'Gaussian'scale'space:'

!!"#$! ! !, !; ! = !(!!! + !!!)'
o Local'extrema'(minima'or'maxima)'of'this'function'in'

both'scale'and'space'(i.e.'8'neighbours'at'scale't,'and'
the'9'neighbours'at'the'scales'above'and'below)'
indicate'blobs'of'size'~ 2!.'

o Very'useful'property:'if'a'blob'is'detected'at'(x0,'y0;'t0)'
in'an'image,'then'under'a'scaling'of'that'image'by'a'
factor's,'the'same'blob'would'be'detected'at'(sx0,'sy0;'
s2t0)'in'the'scaled'image.'

• In'practice'(for'computational'efficiency,'and'coding'
simplicity),'instead'of'using'the'LoG'function,'a'simple'approximation'is'made'using'the'
Difference'of'Gaussians'(DoG):'

!!"#$! ! !, !; ! ≈ !
!" (! !, !; ! + !" − ! !, !; ! − !" )'

o This'basically'means'you'just'need'to'build'a'Gaussian'scale'space,'and'then'subtract'
adjacent'scales'to'produce'a'DoG'scale'space'in'which'you'search'for'extrema.''

Note: convolution is over x, y for fixed t

Formally, Gaussian scale space defined as:

where t ≥ 0 and,

Note: t = σ2 = variance of the Gaussian



t=0 t=1 t=2

t=4 t=16 t=32

Normally, only a fixed set of values of t are used - it’s common to use 
integer powers of 2 or sqrt(2)



Nyquist-Shannon Sampling theorem

If a function x(t) contains no frequencies higher than B 
hertz, it is completely determined by giving its ordinates 

at a series of points spaced 1/(2B) seconds apart.

…so, if you filter the signal with a low-pass filter that halves the 
frequency content, you can also half the sampling rate without 

loss of information…



Gaussian Pyramid

❖ Every time you double t in 
scale space, you can half the 
image size without loss of 
information!
❖ Leads to a much more 

efficient representation
❖ faster processing
❖ less memory

t=t0

t=2t0

t=4t0

t=8t0



Multi-scale Harris & Stephens

❖ Extending the Harris and Stephens detector to work 
across scales is easy...

❖ We define a Gaussian scale space with a fixed set of 
scales and compute the corner response function at 
every pixel of each scale and keep only those with a 
response above a certain threshold.



Demo: Multi-scale Harris & 
Stephens



Blob Detection



Recap: Laplacian of Gaussian

❖ Recall that the LoG is the 
second derivative of a 
Gaussian
❖ Used in the Marr-Hildreth 

edge detector
❖ Zero crossings of LoG 

convolution



Laplacian of Gaussian

❖ By finding local minima or 
maxima, you get a blob 
detector!



Scale space LoG

❖ Normalised scale space LoG 
defined as:

❖ By finding extrema of this 
function in scale space, you can 
find blobs at their 
representative scale (~sqrt(2t))
❖ Just need to look at the 

neighbouring pixels!
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! Formally'the'Gaussian'scale'space'of'an'image'f(x,'y)'is'the'family'of'derived'
signals'L(x,'y;'t)'defined'by'the'convolution'of'the'image'with'the'2d'Gaussian'
kernel:'

! !, !; ! = 1
2!" !

! !!!!! /!!'

such'that'
! ∙,∙; ! = ! ∙,∙; ! ∗ ! ∙,∙ ,'

where'the'semicolon'in'the'argument'of'L'implies'that'the'convolution'is'
performed'only'over'the'variables'x,'y,'while'the'scale'parameter't'after'the'
semicolon'is'just'indicating'the'scale'level.'

• This'definition'is'valid'for'all'! ≥ 0,'however'in'practice'only'a'finite'set'
of'discrete'levels'of't'is'usually'considered.'

o Common'to'use'integer'powers'of'2'or'√2.'
• Also'note'L(x,'y,'0)'='f(x,'y)'

! If'you'double'the'scale'then'you'effectively'
halve'the'resolution,'so'without'loss'of'
information'you'can'subsample'the'image'by'a'
factor'of'2'in'each'direction'(this'is'a'direct'
result'of'NyquistXShannon'sampling'theorem).'

• This'leads'to'a'“Gaussian&Pyramid”'
representation,'which'has'
computational'advantages,'as'images'
with'higher'scales'are'smaller'and'thus'
faster'to'process'and'use'less'memory. '

Multiscale'Harris'and'Stephens'
• Extending'the'Harris'and'Stephens'detector'to'work'across'scales'is'easy…'

o We'define'a'Gaussian'scale'space'with'a'fixed'set'of'scales'and'compute'the'corner'
response'function'at'every'pixel'of'each'scale'and'keep'only'those'with'a'response'
above'a'certain'threshold.''

Local'extrema'in'the'differenceAofAGaussian'scale'space'
• Recap:'Laplacian'of'Gaussian'(LoG)'is'the'2nd'differential'of'a'Gaussian'convolved'with'an'

image'(the'kernel'is'shaped'like'a'Mexican&hat).'
o By'finding'zeroXcrossings'of'this'function'you'get'an'edge'detector'(MarrXHildreth).'

• By'finding'local'maxima'or'minima'you'get'a'blob'detector!'
o The'scale'normalised'Laplacian'operator'applies'this'idea'to'a'Gaussian'scale'space:'

!!"#$! ! !, !; ! = !(!!! + !!!)'
o Local'extrema'(minima'or'maxima)'of'this'function'in'

both'scale'and'space'(i.e.'8'neighbours'at'scale't,'and'
the'9'neighbours'at'the'scales'above'and'below)'
indicate'blobs'of'size'~ 2!.'

o Very'useful'property:'if'a'blob'is'detected'at'(x0,'y0;'t0)'
in'an'image,'then'under'a'scaling'of'that'image'by'a'
factor's,'the'same'blob'would'be'detected'at'(sx0,'sy0;'
s2t0)'in'the'scaled'image.'

• In'practice'(for'computational'efficiency,'and'coding'
simplicity),'instead'of'using'the'LoG'function,'a'simple'approximation'is'made'using'the'
Difference'of'Gaussians'(DoG):'

!!"#$! ! !, !; ! ≈ !
!" (! !, !; ! + !" − ! !, !; ! − !" )'

o This'basically'means'you'just'need'to'build'a'Gaussian'scale'space,'and'then'subtract'
adjacent'scales'to'produce'a'DoG'scale'space'in'which'you'search'for'extrema.''



Very useful property: if a blob is detected at (x0, y0; t0) in an 
image, then under a scaling of that image by a factor s, the same 
blob would be detected at (sx0, sy0; s2t0) in the scaled image.



Scale space DoG

❖ In practice it’s computationally expensive to build a 
LoG scale space.

❖ But, the following approximation can be made:

❖ This is called a Difference-of-Gaussians (DoG)

❖ Implies that the LoG scale space can be built from 
subtracting adjacent scales of a Gaussian scale space
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such'that'
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where'the'semicolon'in'the'argument'of'L'implies'that'the'convolution'is'
performed'only'over'the'variables'x,'y,'while'the'scale'parameter't'after'the'
semicolon'is'just'indicating'the'scale'level.'

• This'definition'is'valid'for'all'! ≥ 0,'however'in'practice'only'a'finite'set'
of'discrete'levels'of't'is'usually'considered.'

o Common'to'use'integer'powers'of'2'or'√2.'
• Also'note'L(x,'y,'0)'='f(x,'y)'

! If'you'double'the'scale'then'you'effectively'
halve'the'resolution,'so'without'loss'of'
information'you'can'subsample'the'image'by'a'
factor'of'2'in'each'direction'(this'is'a'direct'
result'of'NyquistXShannon'sampling'theorem).'

• This'leads'to'a'“Gaussian&Pyramid”'
representation,'which'has'
computational'advantages,'as'images'
with'higher'scales'are'smaller'and'thus'
faster'to'process'and'use'less'memory. '

Multiscale'Harris'and'Stephens'
• Extending'the'Harris'and'Stephens'detector'to'work'across'scales'is'easy…'

o We'define'a'Gaussian'scale'space'with'a'fixed'set'of'scales'and'compute'the'corner'
response'function'at'every'pixel'of'each'scale'and'keep'only'those'with'a'response'
above'a'certain'threshold.''

Local'extrema'in'the'differenceAofAGaussian'scale'space'
• Recap:'Laplacian'of'Gaussian'(LoG)'is'the'2nd'differential'of'a'Gaussian'convolved'with'an'

image'(the'kernel'is'shaped'like'a'Mexican&hat).'
o By'finding'zeroXcrossings'of'this'function'you'get'an'edge'detector'(MarrXHildreth).'

• By'finding'local'maxima'or'minima'you'get'a'blob'detector!'
o The'scale'normalised'Laplacian'operator'applies'this'idea'to'a'Gaussian'scale'space:'

!!"#$! ! !, !; ! = !(!!! + !!!)'
o Local'extrema'(minima'or'maxima)'of'this'function'in'

both'scale'and'space'(i.e.'8'neighbours'at'scale't,'and'
the'9'neighbours'at'the'scales'above'and'below)'
indicate'blobs'of'size'~ 2!.'

o Very'useful'property:'if'a'blob'is'detected'at'(x0,'y0;'t0)'
in'an'image,'then'under'a'scaling'of'that'image'by'a'
factor's,'the'same'blob'would'be'detected'at'(sx0,'sy0;'
s2t0)'in'the'scaled'image.'

• In'practice'(for'computational'efficiency,'and'coding'
simplicity),'instead'of'using'the'LoG'function,'a'simple'approximation'is'made'using'the'
Difference'of'Gaussians'(DoG):'

!!"#$! ! !, !; ! ≈ !
!" (! !, !; ! + !" − ! !, !; ! − !" )'

o This'basically'means'you'just'need'to'build'a'Gaussian'scale'space,'and'then'subtract'
adjacent'scales'to'produce'a'DoG'scale'space'in'which'you'search'for'extrema.''



Demo: Difference of Gaussian 
Response



DoG Pyramid

❖ Of course, for efficiency you 
can also build a DoG pyramid
❖ an oversampled pyramid as 

there are multiple images 
between a doubling of scale.

❖ Images between a doubling 
of scale are an octave.



Demo: Multi-scale Difference of 
Gaussian Blob detector



Summary
❖ Interest points have loads of applications in computer vision.

❖ They need to be robustly detected, and invariant to rotation, 
lighting change, etc.

❖ We’ve looked at two types: corners and blobs

❖ Harris & Stephens is a common corner detector

❖ Finding extrema in a multi scale DoG pyramid provides a 
robust blob detector

❖ Scale space theory allows us to find features (corners and blobs) of 
different sizes


